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Abstract
For the class of approximate harmonic maps u ∈ W 1,2(Σ, N) from a closed Riemmanian
surface (Σ, g) to a compact Riemannian manifold (N, h), we show that (i) the so-called energy
identity holds for weakly convergent approximate harmonic maps {un} : Σ → N , with tension
fields τ(un) bounded in the Morrey spaceM
1,δ(Σ) for some 0 ≤ δ < 2; and (ii) if an approximate
harmonic map u has tension field τ(u) ∈ L logL(Σ) ∩ M1,δ(Σ) for some 0 ≤ δ < 2, then
u ∈ W 2,1(Σ, N). Based on these estimates, we further establish the bubble tree convergence,
referring to energy identity both L2,1 of gradients and L1-norm of hessians and the oscillation
convergence, for a weakly convergent sequence of approximate harmonic maps {un}, with tension
fields τ(un) uniformly bounded in M
1,δ(Σ) for some 0 ≤ δ < 2 and uniformly integrable in
L logL(Σ).
1 Introduction
Harmonic maps form one of the most important classes of geometric partial differential equations.
They are critical points of the Dirichlet energy functional
E(u) =
1
2
∫
Σ
|∇u|2 dvg
for maps u ∈W 1,2(Σ, N) between two Riemannian manifolds (Σm, g) and (N l, h), which is isomet-
rically embedded into some euclidean space RL. The equation for harmonic maps is
∆u+A(u)(∇u,∇u) = 0, (1.1)
where A(·)(·, ·) is the second fundamental form of N in RL.
Throughout this paper, we assume that m = dim(Σ) = 2, i.e. (Σ, g) is a Riemannian surface.
Since the Dirichlet energy is invariant under conformal transformations of Σ, solutions to the
harmonic map equation are subject to concentration compactness phenomena and hence are of
particular interest.
For a positive integer k and 1 ≤ p ≤ ∞, recall that the Sobolev space W k,p(Σ, N) is defined by
W k,p(Σ, N) =
{
u ∈W k,p(Σ,RL) : u(x) ∈ N a.e. x ∈ Σ
}
.
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In a seminal work [7], He´lein established the smoothness of any solution u ∈ W 1,2(Σ, N) to (1.1).
Subsequently, Evans [6] and Bethuel [2] have obtained the partial regularity theorem on stationary
harmonic maps in higher dimensions m ≥ 3, see also [4] and [22] for alternate proofs. See also [13]
for more references. The original ideas by [7] are based on rewriting (1.1) into a form in which
the nonlinearity enjoys finer algebraic structures under Coulomb gauge frames on N so that some
compensated regularity can be achieved by employing harmonic analysis techniques from Hardy or
Lorentz spaces. The ideas of [7] were significantly extended by Rivie`re [21], in which the continuity
was shown for any weak solution u ∈W 1,2(B21 ,RL) to the equation:
−∆u = Ω · ∇u, (1.2)
for any given Ω ∈ L2(B21 , so(L) ⊗ R2). We point out that (1.2) is more general than (1.1), which
includes harmonic map equations, the H-surface equation, and critical points of any conformally
invariant elliptic Lagrangian that is quadratic in the gradient.
Because of the conformal invariance of the Dirichlet energy in dimension two, weakly convergent
sequences of harmonic maps {un} ⊂W 1,2(Σ, N) may not converge strongly in W 1,2(Σ, N). This is
the so-called bubbling phenomena, i.e., the energy can concentrate at a set of finitely many points,
at where a nontrivial harmonic map from S2 to N , called a bubble, can generate. It has been an
important question to establish the energy identity that accounts the total energy loss by that of a
number of bubbles during the bubbling process. Such an energy identity has first been proven by
Jost [8] and Parker [18] for any sequence of harmonic maps.
Motivated by the studies, such as the long time dynamics and behavior near singularities, of the
heat flow of harmonic maps from surfaces initiated by Struwe [26], people have also been interested
in the bubbling phenomena for approximate harmonic maps from surfaces. Recall that a map
u ∈W 1,2(Σ, N) is called an approximate harmonic map with tension field τ(= τ(u)) : Σ→ TuN , if
∆u+A(u)(∇u,∇u) = τ. (1.3)
In particular, an approximate harmonic map u becomes a harmonic map if its tension field τ(u) = 0.
While for any function τ ∈ L1(Σ,RL), we can show that any critical point u ∈W 1,2(Σ, N) to
E(u, τ) :=
∫
Σ
(1
2
|∇u|2 + 〈τ, u〉) dvg
is an approximate harmonic map with tension field τ(u) = Pu(τ), where Py : R
L → TyN , y ∈ N ,
is an orthogonal projection. The question concerning approximate harmonic maps seeks general
sufficient conditions on their tension fields to guarantee the energy identity or the so-called bubble
tree convergence, i.e., the oscillation convergence. There have been many works in this direction.
When τ(un) is bounded in L
2(Σ), the energy identity has been proved by Qing [19] for N = SL−1
and Ding-Tian [5] and Wang [28] for general target manifolds N ; and the bubble tree convergence
has been established by Qing-Tian [20] and Lin-Wang [11]. We remark that the space L2(Σ) for
τ(u) is not conformally invariant. While L1(Σ) for τ(u) is conformally invariant, an example by
Parker [18] showed that the energy identity fails if τ(un) is merely assumed to be bounded in
2
L1(Σ). Therefore, an interpolation space between L1(Σ) and L2(Σ) for τ(u) seems necessary for
the energy identity. In this direction, the energy identity has been proved by Lin-Wang [12] when
N = SL−1 and τ(un) is bounded in L
p(Σ) for some 1 < p ≤ 2, by Li-Zhu [14] for general target
manifolds N when τ(un) is bounded in L
p(Σ) for some p ≥ 65 and by Luo [16] under the condition∥∥τ(un)∥∥L2(Br(x)\B r
2
(x))
. r−a for some a ∈ (0, 1) and any r ∈ (0, 1) and x ∈ Σ. Most recently, in
a very interesting article [29] Wang-Wei-Zhang have obtained that the energy identity and bubble
tree convergence holds for approximate harmonic maps un whenever τ(un) is bounded in L
p(Σ)
for some 1 < p ≤ 2 by developing some delicate estimates based on He´lein’s original approach in
[7]. We would also like to mention that there have been many interesting works on the bubbling
analysis of solutions to the equation (1.2) by Laurain-Rivie`re [15], and by Sharp-Topping [24] and
Lamm-Sharp [9] on perturbed version of (1.2):
−∆u = Ω · ∇u+ f, (1.4)
for some non-homogeneous term f . Among other results, it was shown by [9] that (i) in dimension
2, a global W 2,1-estimate holds for an approximate harmonic map u when τ(u) ∈ L logL(Σ) and
|H(u)| 12 ∈ L2,1(Σ), here H(u) is the Hopf differential of u (see [7] (m = 2) and Lin-Rivie`re [10]
(m ≥ 3) for harmonic maps into N = SL−1); and (ii) an energy identity holds when τ(un) is
bounded in L logL(Σ) and |H(un)| 12 (Σ) is bounded in L2,1(Σ), and the bubble tree convergence
holds if τ(un) is bounded in L
p(Σ) for some p > 1 and |H(un)| 12 is uniformly integrable in L2,1(Σ).
In this note, we aim to improve the results on the globalW 2,1-estimate of approximate harmonic
maps by [9], and the energy identity and bubble tree convergence of approximate harmonic maps
by [29] by relaxing the conditions on the tension fields.
Before stating our results, we need to introduce several definitions. For a bounded domain
U ⊂ R2, 1 ≤ p < +∞, and 0 ≤ δ ≤ 2, we define the Morrey (p, δ)-space on U by
Mp,δ(U) :=
{
f ∈ Lploc(U) :
∥∥f∥∥p
Mp,δ(U)
≡ sup
Br(x)⊂U
rδ−2
∫
Br(x)
|f |p <∞
}
.
It is readily seen that
L∞(U) =Mp,0(U) ⊂Mp,δ1(U) ⊂Mp,δ2 ⊂ Lp(U) =Mp,2(U)
for any 0 ≤ δ1 ≤ δ2 ≤ 2.
The space L logL(U) is defined by
L logL(U) =
{
f ∈ L1(U) : ∥∥f∥∥
L logL(U)
=
∫
U
|f | log(2 + |f |) < +∞
}
.
For any 1 < p < ∞ and 1 ≤ q ≤ ∞, we denote by Lp,q(U) as the Lorentz (p, q)-space, see Ziemer
[30] for its definition. In this paper, we will mainly work with the spaces L2,1(U) and L2,∞(U),
which can be defined as follows (cf. [15]):
L2,1(U) =
{
f ∈ L1loc(U) | ‖f‖L2,1(U) ≡
∫ ∞
0
λ
1
2
f (t) dt <∞
}
,
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L2,∞(U) =
{
f ∈ L1loc(U) | ‖f‖L2,∞(U) ≡ sup
t>0
tλ
1
2
f (t) dt <∞
}
,
where λf (t) =
∣∣{x ∈ U : |f(x)| ≥ t}∣∣. It is well-known (cf. [7]) that (L2,1(U))∗ = L2,∞(U).
Our first result concerns the global W 2,1-estimate on approximate harmonic maps in dimension
two, which is stated as follows.
Theorem 1.1 If the tension field τ(u) of an approximate harmonic map u ∈W 1,2(U,N) satisfies
τ(u) ∈ L logL(U)∩M1,δ(U) for some 0 ≤ δ < 2, then u ∈W 2,1loc (U,N). Moreover, for any compact
subset K ⊂ U , it holds that
∥∥∇u∥∥
L2,1(K)
+
∥∥∇2u∥∥
L1(K)
≤ C(δ,K, ‖∇u‖L2(U), ‖τ(u)‖L logL(U), ‖τ(u)‖M1,δ(U)). (1.5)
Recall that if f ∈ Lp(U) for some 1 < p ≤ 2, then f ∈ L logL(U) ∩M1, 2p (U), and
∥∥f‖L logL(U) + ∥∥f∥∥
M
1, 2p (U)
≤ C(p, U)∥∥f∥∥
Lp(U)
.
Thus the conclusion of Theorem 1.1 holds whenever τ(u) ∈ Lp(U) for some 1 < p ≤ 2.
Our second result concerns both the energy identity and bubble tree convergence of approximate
harmonic maps in dimension two.
Theorem 1.2 Let {un} ⊂W 1,2(Σ, N) be a sequence of approximate harmonic maps, with tension
fields τ(un), converging weakly to a map u ∈W 1,2(Σ, N) such that
sup
n
∥∥τ(un)∥∥M1,δ(Σ) <∞ (1.6)
for some 0 ≤ δ < 2. Let τ ∈ L1(Σ) be such that τ(un)⇀ τ in L1(Σ). Then
(i) u is an approximate harmonic map, with tension field τ ∈M1,δ(Σ), and u ∈ C2−δ(Σ)∩W 1,q(Σ)
for any 2 ≤ q < q(δ). Here q(δ) = δ
δ−1 if 1 < q < 2; and q(δ) =∞ if 0 ≤ δ ≤ 1.
(ii) there exist m-nontrivial harmonic maps {ωi}mi=1 ⊂ C∞(S2, N), {xin}mi=1 ⊂ Σ, {rin}mi=1 ⊂ R+,
with lim
n→∞
rin = 0 (i = 1, · · · ,m), and
lim
n→∞
{rin
rjn
,
rjn
rin
,
|xin − xjn|
rin + r
j
n
}
=∞, 1 ≤ i < j ≤ m, (1.7)
such that ∥∥∥un(·)− u(·) − m∑
i=1
(
ωi(
· − xin
rin
)− ωi(∞)
)∥∥∥
W 1,2(Σ)
= 0. (1.8)
In particular,
lim
n→∞
∫
Σ
|∇un|2 =
∫
Σ
|∇u|2 +
m∑
i=1
∫
S2
|∇ωi|2. (1.9)
(iii) if, in addition, τ(un) is uniformly integrable in L logL, i.e.,
lim
|E|→0
sup
n
∥∥τ(un)∥∥L logL(E) = 0, (1.10)
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then
lim
n→∞
∥∥∇un∥∥L2,1(Σ) = ∥∥∇u∥∥L2,1(Σ) +
m∑
i=1
∥∥∇ωi∥∥L2,1(S2), (1.11)
and ∥∥∥un(·)− u(·)− m∑
i=1
(
ωi(
· − xin
rin
)− ωi(∞)
)∥∥∥
L∞(Σ)
= 0. (1.12)
As remarked above, if fn is bounded in L
p(Σ) for some 1 < p ≤ 2, then fn is bounded in
M1,
2
p (Σ) and is uniformly integrable in L logL. Therefore, the conclusions of Theorem 1.2 hold
under the condition that τ(un) remains to be bounded in L
p(Σ) for some 1 < p ≤ 2.
During the proof of Theorem 1.2 (iii) in section 3 below, we actually show that there is no
W 2,1-norm concentration of un in the neck region. As a byproduct of this conclusion, we can prove
the following Corollary.
Corollary 1.3 Assume {un} ⊂ W 1,2(Σ, N) is a sequence of approximate harmonic maps, with
tension fields τ(un), converging weakly to an approximate harmonic map u ∈ W 1,2(Σ, N), with
tension field τ , such that
sup
n
(∥∥τ(un)∥∥L logL(Σ) + ∥∥τ(un)∥∥M1,δ(Σ)
)
<∞ (1.13)
for some 0 ≤ δ < 2. If, in addition,
lim
n→∞
∥∥τ(un)− τ∥∥L logL(Σ) = 0, (1.14)
there exist finitely many nontrivial harmonic maps {ωi}mi=1 ⊂ C∞(S2, N) such that
lim
n→∞
∥∥∇2un∥∥L1(Σ) = ∥∥∇2u∥∥L1(Σ) +
m∑
i=1
∥∥∇2ωi∥∥L1(S2). (1.15)
We would like to remark that (1.15) was previously proven by Lamm-Sharp [9] for approxi-
mate harmonic maps under a stronger condition that the Hopf differential |H(un)| 12 is uniformly
integrable in L2,1(Σ), and τ(un) is bounded in W
1,2(Σ).
The argument to prove both theorems is built upon the interesting approach outlined by Wang-
Wei-Zhang [29] together with some new observations.
The paper is organized as follows. In section 2, we will provide all the necessary estimates, in
particular, the holomorphic approximation of Hope differential. In section 3, we will prove both
Theorem 1.1, Theorem 1.2, and Corollary 1.3.
2 Apriori estimates on approximate harmonic maps
This section is devoted to several apriori estimates on approximate harmonic maps under various
conditions on their tension fields. It includes the crucial estimate of a holomorphic approximation
of the Hopf differential of an approximate harmonic map u with tension field in τ(u) ∈ M1,δ(Σ),
which is an improvement of Proposition 4.1 of Wang-Wei-Zhang [29] where τ(u) ∈ Lp(Σ) for some
p > 1 is assumed.
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2.1 ∂¯-equation for approximate harmonic maps
Let Br(x) ⊂ R2 denote the ball with center at x ∈ R2 and radius r > 0, and Br = Br(0). Assume
that U ⊂ B2 is an open set and u : U → N is an approximate harmonic map. From He´lein’s
argument of enlarging the target manifolds, we may assume that (N,h) ⊂ RL is parallelized and
there exists a global orthonormal frame {eα}lα=1, l = dim(N), of the pull-back tangent bundle
u∗TN on U ⊂ R2 such that 

div〈∇eα, eβ〉 = 0 in U, 1 ≤ α, β ≤ l,
l∑
α=1
∫
U
|∇eα|2 ≤ C
∫
U
|∇u|2.
(2.1)
Moreover, it follows from He´lein [7] that ∇eα ∈ L2,1(U) and
l∑
α=1
∥∥∇eα∥∥L2,1(U) ≤ C
∫
U
|∇u|2. (2.2)
Denote
∂
∂z
=
∂
∂x
− ∂
∂y
i,
∂
∂z¯
=
∂
∂x
+
∂
∂y
i.
Then any approximate harmonic map u ∈W 1,2(U,N) can be written as
∂
∂z¯
〈∂u
∂z
, eα〉 = 〈∂u
∂z
, eβ〉〈∂eα
∂z¯
, eβ〉+ 〈τ(u), eα〉 in U. (2.3)
Set
G(u) =
(〈∂u
∂z
, eα〉
)
1≤α≤l
, T (u) =
(〈τ(u), eα〉)1≤α≤l : U → Cl,
and the connection matrix on u∗TN
ω(u) =
(〈∂eα
∂z¯
, eβ〉
)
1≤α,β≤l
: U → Cl×l.
Then (2.3) can be rewritten as
∂
∂z¯
(G(u)) = ω(u)G(u) + T (u) in U. (2.4)
Define the linear operator T : L∞(C,Cl×l)→ L∞(C,Cl×l) by
(T A)(z) =
∫
C
ω(u(ξ))χU (ξ)A(ξ)
π(z − ξ) dξ, z ∈ C, (2.5)
where χU is the characteristic function of U . It is readily seen that
∂
∂z¯
A = ω(u)A in U. (2.6)
Since
1
z
∈ L2,∞(C) has ∥∥1
z
∥∥
L2,∞(C)
≤ √π,
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we have that for any A ∈ L∞(C,Cl×l), it holds that
∥∥T A∥∥
L∞(C)
≤ 1
π
∥∥ω(u)∥∥
L2,1(U)
∥∥1
z
∥∥
L2,∞(C)
∥∥A∥∥
L∞(C)
≤ Cǫ0
∥∥A∥∥
L∞(C)
. (2.7)
Based on (2.7), He´lein [7] has shown
Lemma 2.2 There exists ǫ0 > 0 such that if ‖∇u
∥∥
L2(U)
≤ ǫ0, then there exists a unique solution
B ∈ L∞(C,Cl×l) of
B − T B = Il in C, (2.8)
such that ∥∥B − Il∥∥L∞(C) ≤ 12 , and BTB = Il. (2.9)
Here Il is the identity matrix of order l.
It follows from (2.9) that B is invertible and solves
∂
∂z¯
B = ω(u)B in U. (2.10)
In particular, BT solves
∂
∂z¯
BT = −ω(u)BT in U. (2.11)
Combining (2.4) with (2.11), we obtain that
∂
∂z¯
(BTG(u)) = BTT (u) in U. (2.12)
2.2 Ho¨lder continuity estimate of approximate harmonic maps
Employing (2.12), we can show the Ho¨lder continuity for approximate harmonic maps. Let ǫ0 > 0
be the constant given by Lemma 2.2 so that (2.12) holds. Set G1, G2 : U → Cl by
G1(z) =
∫
U
BT (ξ)T (u)(ξ)
π(z−ξ) dξ, z ∈ U,
G2(z) = B
TG(u)−G1(z), z ∈ U.
(2.13)
Thus it holds
BTG(u) = G1 +G2 in U. (2.14)
We can prove the following Lemma.
Lemma 2.3 There exists ǫ0 > 0 such that if u ∈ W 1,2(U,N) is an approximate harmonic map,
satisfying
∫
U
|∇u|2 ≤ ǫ20 and τ(u) ∈M1,δ(U) for some 1 < δ < 2, then
(i) G1 ∈M
δ
δ−1
,δ
∗ (U), and ∥∥G1∥∥
M
δ
δ−1
,δ
∗
(U)
≤ C∥∥τ(u)∥∥
M1,δ(U)
. (2.15)
Here ∥∥f∥∥p
M
p,δ
∗
(U)
:= sup
Br(x)⊂U
{
rδ−2 sup
λ>0
λp
∣∣{y ∈ Br(x) : |f(y)| ≥ λ}∣∣}, 1 ≤ p <∞.
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(ii) u ∈ C2−δ(U), and [
u
]
C2−δ(BR
2
(x0))
≤ C(δ,R)(ǫ0 + ∥∥τ(u)∥∥M1,δ(U)) (2.16)
for any ball BR(x0) ⊂ U .
Proof. It follows from (2.12) that G2 is holomorphic in U , i.e.,
∂G2
∂z¯
= 0 in U . Since BT satisfies
2
3 ≤
∥∥BT∥∥
L∞(U)
≤ 2, it follows from (2.13) and (2.14) that
|∇u(z)| ≤ C
(
|G2(z)|+
∫
U
|τ(u)(ξ)|
|z − ξ| dξ
)
= C
(|G2(z)|+ I1(τ(u))(z)), z ∈ U, (2.17)
where I1 is the Riesz potential of order 1 on U :
I1(f)(z) =
∫
U
|f(ξ)|
|z − ξ| dξ, z ∈ U, f ∈ L
1(U).
Since τ(u) ∈ M1,δ(U), applying Adams’ theorem on the estimate of Riesz potential in Morrey
spaces (cf. [1]) we have that I1(τ(u)) ∈M
δ
δ−1
,δ
∗ (U), and∥∥I1(τ(u))∥∥
M
δ
δ−1
,δ
∗
(U)
≤ C∥∥τ(u)∥∥
M1,δ(U)
. (2.18)
This yields (2.15).
It follows from (2.17) and (2.18) that for any given ball BR(x0) ⊂ U , if Br(x) ⊂ BR
2
(x0) then
it holds
rδ−2
∥∥∇u∥∥ δδ−1
L
δ
δ−1
∗
(Br(x))
≤ C(‖G2‖ δδ−1L∞(BR
2
(x0))
rδ +
∥∥τ(u)∥∥
M1,δ(U)
)
.
Since G2 is holomorphic, by the mean value property we have
‖G2‖L∞(BR
2
(x0)) ≤ CR−2
∫
BR(x0)
|G2| ≤ CR−2
∫
U
(|∇u|+ |G1|)
≤ CR−2
∫
U
(|∇u|+ |τ(u)|),
where we have used Young’s inequality to estimate G1:
‖G1‖L1(U) ≤ ‖I1(τ(u))‖L1(U) ≤ C‖τ(u)‖L1(U).
Therefore we obtain
rδ−2
∥∥∇u∥∥ δδ−1
L
δ
δ−1
∗
(Br(x))
≤ C(R)(‖∇u‖L2(U) + ‖τ(u)‖M1,δ(U)),
so that
r
δ
δ−1
−2
∥∥∇u∥∥ δδ−1
L
δ
δ−1
∗
(Br(x))
≤ C(R)(‖∇u‖L2(U) + ‖τ(u)‖M1,δ(U))r δδ−1 (2−δ), ∀ Br(x) ⊂ BR
2
(x0).
This, with Morrey’s decay Lemma [17], implies that u ∈ C2−δ(BR
2
(x0)) and (2.16) holds. ✷
Remark 2.4 For 1 < δ < 2, since L2(Br(x)) ⊂ L
δ
δ−1
∗ (Br(x)), it is not hard to see that (2.15)
implies that ∥∥G1∥∥M2,2δ−2(U) ≤ C∥∥G1∥∥
M
δ
δ−1
,δ
∗
(U)
≤ C∥∥τ(u)∥∥
M1,δ(U)
. (2.19)
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2.3 Apriori estimates of L2 and L2,1-norms of ∇u in the neck region
We now want to apply Lemma 2.3 to estimate both L2 and L2,1-norms of ∇u in the neck region.
For this purpose, let U = B1 \ Br, 0 < r ≤ 14 , and u : B1 \ Br → N be an approximate harmonic
map satisfying the conditions of Lemma 2.3. Using the same notations as in the proof of Lemma
2.3, we can write the Laurent series of G2 on B1 \Br as
G2(z) =
∞∑
n=−∞
anz
n, z ∈ B1 \Br; (2.20)
while
G1(z) =
∫
B1\Br
BT (ξ)T (u(ξ))
π(z − ξ) dξ, z ∈ B1. (2.21)
Since G(u)(z) = B(G1(z) +G2(z)), we have
|∇u|(z) ≤ C(|G1(z)|+ |G2(z)|), z ∈ B1 \Br. (2.22)
We can estimate the L2,1-norm of G1 in the following Lemma.
Lemma 2.5 If τ(u) ∈ L logL(B1), then G1 ∈W 1,1(B1) and∥∥∇G1∥∥L1(B1) ≤ C∥∥τ(u)∥∥L logL(B1), (2.23)
and ∥∥G1∥∥L1(B1) + ∥∥G1∥∥L2,∞(B1) ≤ C∥∥τ(u)∥∥L1(B1). (2.24)
In particular, G1 ∈ L2,1(B1) and the following estimate holds:∥∥G1∥∥L2,1(B1) ≤ C∥∥τ(u)∥∥L logL(B1). (2.25)
Proof. It is easy to see from (2.21) that
∇G1(z) =
∫
C
K(z − ξ)(BTχB1\BrT (u))(ξ) dξ,
where K : C × C → C is a kernel of Calderon-Zygmund type. By a result of Stein [25], we know
that ∇G1 ∈ L1(B1) and∥∥∇G1∥∥L1(B1) ≤ C∥∥BTχB1\BrT (u))∥∥L logL(B1) ≤ C∥∥τ(u)∥∥L logL(B1). (2.26)
This implies (2.23). Since
1
z
∈ L1 ∩ L2,∞(B1), it follows from Young’s inequality that G1 ∈
L1 ∩ L2,∞(B1) and∥∥G1∥∥L1(B1) + ∥∥G1∥∥L2,∞(B1) ≤ C∥∥BTχB1\BrT (u)∥∥L1(B1) ≤ C∥∥τ(u)∥∥L1(B1).
This gives (2.24). (2.25) follows from the embedding W 1,1(B1) ⊂ L2,1(B1) (cf. [27] and [7]):
‖f‖L2,1(B1) ≤ C‖f‖W 1,1(B1), f ∈W 1,1(B1),
and (2.23) and (2.24). ✷
The estimates of L2 and L2,1-norms of G2 are established in the following Lemma.
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Lemma 2.6 For any λ > 1 and 0 < r ≤ 14 , there exists a constant C(λ) ≤ Cλ−1, which is
monotonically decreasing with respect to λ, such that it holds
∥∥G2∥∥L2,1(Bλ−1\Bλr) ≤ C|a−1|
∣∣ ln r∣∣+ C(λ)∥∥G2∥∥L2(B1\Br), (2.27)∥∥∇G2∥∥L1(B
λ−1
\Bλr)
≤ C|a−1|
∣∣ ln r∣∣+ C(λ)∥∥G2∥∥L2(B1\Br), (2.28)
and ∥∥G2∥∥2L2(Bλ−1\Bλr) ≤ C|a−1|2
∣∣ ln r∣∣+ Cλ−2∥∥G2∥∥2L2(B1\Br). (2.29)
Proof. Direct calculations yield that there exists C > 0 such that
∥∥zn∥∥
L2,1(Bλ−1\Bλr)
≤ C


(λr)n+1, if n ≤ −2,
( 1
λ
)n+1, if n ≥ 0,
| ln r| if n = −1.
This implies that
∥∥G2∥∥L2,1(Bλ−1\Bλr) ≤ C
(
|a−1
∣∣ ln r∣∣+ ∑
n≤−2
|an|(λr)n+1 +
∑
n≥0
|an|λ−(n+1)
)
. (2.30)
While
∥∥∇G2∥∥L1(B
λ−1
\Bλr)
≤ C
∞∑
n=−∞
|n||an|
∫
Bλ−1\Bλr
|x|n−1
≤ C
[
|a−1| ln r|+
∑
n≥1
|an|λ−(n+1) +
∑
n≤−2
|an|(λr)n+1. (2.31)
On the other hand, direct calculations yield
∥∥G2∥∥2L2(B1\Br) ≥ π
( ∑
n≤−2
|an|2 r
2n+2 − 1
|n+ 1| +
∑
n≥0
|an|2 1− r
2n+2
n+ 1
)
≥ π
2
( ∑
n≤−2
|an|2 r
2n+2
|n+ 1| +
∑
n≥0
|an|2 1
n+ 1
)
. (2.32)
It follows from the Cauchy-Schwartz inequality that
( ∑
n≤−2
|an|(λr)n+1 +
∑
n≥0
|an|λ−(n+1)
)2 ≤ ( ∑
n≤−2
|an|2λr
2(n+1)
|n+ 1|
)( ∑
n≤−2
|n+ 1|λ2(n+1)
)
+
(∑
n≥0
|an|2 1
n+ 1
)(∑
n≥0
(n+ 1)λ−2(n+1)
)
≤ C
( ∑
n≤−2
|an|2 r
2n+2
|n+ 1| +
∑
n≥0
|an|2 1
n+ 1
)
≤ C2(λ)∥∥G1∥∥2L2(B1\Br), (2.33)
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where we have used the fact λ > 1 so that∑
n≤−2
|n+ 1|λ2(n+1) +
∑
n≥0
(n+ 1)λ−2(n+1) := C2(λ) <∞. (2.34)
Note that C(λ) ≤ Cλ−1 and is monotonically decreasing for λ > 1. It is clear that (2.27) follows
by substituting (2.33) into (2.30) and applying (2.32), and (2.28) follows by substituting (2.33) into
(2.31) and applying (2.32).
It is not hard to check that (2.29) follows from
∥∥z−1∥∥2
L2(Bλ−1\Bλr)
≤ C| ln r|,
and the fact that for any n 6= −1,
∥∥zn∥∥2
L2(B
λ−1
\Bλr)
≤ Cλ−2∥∥zn∥∥2
L2(B1\Br)
.
This completes the proof. ✷
2.4 Hopf differential and its holomorphic approximation
From (2.27), in order to control L2-norm of G2 in the neck region, we need to establish a refined
estimate of a−1, that decays at least as fast as | log r|−1. This follows from a delicate holomorphic
approximation property of the Hopf differential, which is achieved from an improved version of
Wang-Wei-Zhang [29] Proposition 4.1.
Recall that the Hopf differential of a map u ∈ H1(U,N) is defined by
H(u) := (∂u
∂z
)2
=
(|∂u
∂x
|2 − |∂u
∂y
|2)− 2〈∂u
∂x
,
∂u
∂y
〉i (= G(u)TG(u)).
It is well-known that if u is harmonic map, then H(u) is a holomorphic function, i.e., ∂
∂z¯
(H(u)) = 0.
We let Cω(U) denote the space consisting of holomorphic functions on U . Now we will prove the
following crucial Lemma on the holomorphic approximation of H(u) for approximate harmonic
maps.
Lemma 2.7 Assume u ∈ W 1,2(B1) is an approximate harmonic map with tension field τ(u) ∈
M1,δ(B1) for some 1 < δ < 2, satisfying
∥∥τ(u)∥∥
M1,δ(B1)
≤ 1 and, for some 0 < r ≤ 14 ,∫
B1\Br
|∇u|2 ≤ ǫ20,
where ǫ0 > 0 is given by Lemma 2.2. Then
(i) the coefficient a−1 of the Laurent series (2.15) for G2 in B1 \Br can be estimated by
|a−1| ≤ C
(
A
1
2
0 (r) + r
1
2
)
, (2.35)
where
A0(r) := inf
h∈Cω(B2r)
‖H(u)− h‖L1(B2r) + r2−δ
∥∥τ(u)∥∥
M1,δ(B1)
. (2.36)
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(ii) there exists h1 ∈ Cω(B1) such that
∥∥H(u)− h1∥∥L1(B1) ≤ C
[
A0(r)| ln r|+
(
A
1
2
0 (r) +A
1
3
0 (r)
)
+
∥∥τ(u)∥∥
M1,δ(B1)
]
. (2.37)
(iii) for any λ > 1, it holds
∥∥∇u∥∥2
L2(B
λ−1
\Bλr)
≤ C(A0(r) + r)| ln r|+ Cλ−2‖∇u‖2L2(B1\Br)
+C
∥∥τ(u)∥∥2
M1,δ(B1)
. (2.38)
(iv) if, in addition, τ(u) ∈ L logL(B1), then for any λ > 1 there holds
∥∥∇u∥∥
L2,1(B
λ−1
\Bλr)
≤ C(A
1
2
0 (r) + r
1
2 )| ln r|+ C(λ)‖∇u‖L2(B1\Br)
+C‖τ(u)‖L logL(B1). (2.39)
(v) if, in addition, τ(u) ∈ L logL(B1), then for any λ > 1 there holds∥∥∇2u∥∥
L1(Bλ−1\Bλr)
≤ C(A
1
2
0 (r) + r
1
2 )| ln r|+ [C(λ) + Cλ−1]‖∇u‖L2(B1\Br)
+C‖τ(u)‖L logL(B1). (2.40)
Proof. Applying Lemma 2.3 with U = B1 \Br and using the same notations as above, we have
BTG(u)(z) = G1(z) +G2(z), G2(z) =
∞∑
n=−∞
anz
n, z ∈ B1 \Br.
Since H(u) = GT (z)G(z), we can express
H(u) = H1(u) +H2(u), z ∈ B1 \Br,
where
H1(u) = GT (z)G1(z) +GT1 (z)G2(z), H2(u) = GT2 (z)G2(z) =
n∑
n=−∞
bnz
n, z ∈ B1 \Br,
with
bn =
∞∑
m=−∞
〈am, an−m〉, n ∈ Z.
Since
∥∥τ(u)∥∥
M1,δ(B1)
≤ 1, it follows from (2.19) that
∥∥H(u)−H2(u)∥∥L1(B1\Br) ≤ ∥∥G1∥∥L2(B1\Br)
(
2
∥∥G∥∥
L2(B1\Br)
+
∥∥G1∥∥L2(B1\Br)
)
≤ C∥∥τ(u)∥∥
M1,δ(B1)
(
ǫ0 +
∥∥τ(u)∥∥
M1,δ(B1)
)
≤ C∥∥τ(u)∥∥
M1,δ(B1)
. (2.41)
For simplicity, denote h2 = H2(u) ∈ Cω(B1 \Br). Set
h1(z) =
∞∑
n=0
bnz
n ∈ Cω(B1).
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For an arbitrary small ǫ > 0, choose h0 =
∞∑
n=0
cnz
n ∈ Cω(B2r) such that
‖H(u)− h0‖L1(B2r) ≤ inf
h∈Cω(B2r)
‖H(u)− h‖L1(B2r) + ǫ.
As in [29] Lemma 4.3, set r1 =
5
4r, r2 =
3
2r, r3 =
7
4r and estimate∥∥H(u)− h1∥∥L1(B1) ≤ ∥∥H(u)− h1∥∥L1(B1\Br2 ) +
∥∥H(u)− h1∥∥L1(Br2 )
≤ ∥∥H(u)− h2∥∥L1(B1\Br2 ) +
∥∥H(u)− h0∥∥L1(Br2 )
+
∥∥h2 − h1∥∥L1(B1\Br2 ) +
∥∥h0 − h1∥∥L1(Br2 )
≤ C∥∥τ(u)∥∥
M1,δ(B1)
+ inf
h∈Cω(B2r)
‖H(u)− h‖L1(B2r) + ǫ
+ C
[|b−1|+ |b−2|| ln r2|+∑
n≥3
|b−n|r2−n2 +
∑
n≥0
|bn − cn|rn+22
]
. (2.42)
Observe that, by an argument similar to (2.41) and Lemma 2.3, we have
‖H(u)− h2‖L1(B2r) ≤ C‖G1‖L2(B2r)
(‖G‖L2(B2r) + ‖G1‖L2(B2r))
≤ Cr2−δ∥∥G1∥∥M2,2δ−2(B1)
[
‖G‖L2(B2r) + r2−δ
∥∥G1∥∥M2,2δ−2(B1)
]
≤ Cr2−δ∥∥τ(u)∥∥
M1,δ(B1)
(
‖∇u‖L2(B1) + r2−δ
∥∥τ(u)∥∥
M1,δ(B1)
)
≤ Cr2−δ∥∥τ(u)∥∥
M1,δ(B1)
. (2.43)
Hence we obtain
‖h2 − h0‖L1(B2r\Br) ≤ ‖H(u)− h2‖L1(B2r) + ‖H(u)− h0‖L1(B2r) ≤ CA0(r) + ǫ.
Applying Fubini’s theorem, we may assume that
rj
∫
|z|=rj
|h2 − h0||dz| ≤ C‖h2 − h0‖L1(B2r\Br) ≤ CA0(r) + ǫ, j = 1, 2, 3.
By the Laurent series coefficient formula, we can then estimate
∣∣b−n∣∣ = 1
2π
∣∣ ∫
|z|=r1
zn−1h2(z) dz
∣∣ = 1
2π
∣∣ ∫
|z|=r1
zn−1(h2(z)− h0(z)) dz
∣∣
≤ Crn−21 r1
∫
|z|=r1
|h2 − h0||dz| ≤ (CA0(r) + ǫ)rn−21 ,
for all n ≥ 1, and for n ≥ 0
|bn − cn| = 1
2π
∣∣ ∫
|z|=r3
z−(n+1)h2(z) dz
∣∣ = 1
2π
∣∣ ∫
|z|=r3
z−(n+1)(h2 − h0)(z) dz
∣∣
≤ Cr−(n+2)3 r3
∫
|z|=r3
|h2 − h0||dz| ≤ (CA0(r) + ǫ)r−(n+2)3 .
Putting all these estimate into (2.42) and sending ǫ to 0, we obtain∥∥H(u)− h1∥∥L1(B1) ≤ C
(∥∥τ(u)∥∥
M1,δ(B1)
+A0(r)| ln r|+ |b−1|
)
. (2.44)
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The estimate of a−1 can be done as in [29] Lemma 4.3 with mild modifications. Denote
Q(z) = (e1(u(z)), · · · , el(u(z))), q(z) = 1
2π|z|
∫
|w|=|z|
Q(w) dw.
Then
G2 = B
TG−G1 = BTQT ∂u
∂z
−G1 = (B − Il)TQT ∂u
∂z
+ qT
∂u
∂z
+ (Q− q)T ∂u
∂z
−G1.
Thus we have that, for ρ =
√
r
2 ,
(2π ln 2)a−1 =
∫
B2ρ\Bρ
G2(z)
z¯
i
2
dz ∧ dz¯
=
∫
B2ρ\Bρ
qT
z¯
∂u
∂z
i
2
dz ∧ dz¯
+
∫
B2ρ\Bρ
[
(B − Il)T Q
T
z¯
∂u
∂z
+
(Q− q)T
z¯
∂u
∂z
− G1
z¯
] i
2
dz ∧ dz¯
= I1 + I2.
As pointed out by [29] Lemma 4.3, each component of I1 ∈ Cl is a real number. Hence
2π ln 2|Ima−1| = |I2|
≤
∫
B2ρ\Bρ
[|(B − Il)T QT
z¯
∂u
∂z
|+ |(Q− q)
T
z¯
∂u
∂z
|+ |G1
z¯
|]|dz ∧ dz¯|
≤ C
[
‖B − Il‖L∞(B2ρ\Bρ)‖
1
z¯
‖L2(B2ρ\Bρ)‖
∂u
∂z
‖L2(B2ρ\Bρ)
+‖1
z¯
‖L2(B2ρ\Bρ)‖G1‖L2(B2ρ\Bρ) +
∥∥(Q− q)T
z¯
∥∥
L2(B2ρ\Bρ)
‖∂u
∂z
‖L2(B2ρ\Bρ)
]
≤ Cǫ0‖G‖L2(B2ρ\Bρ) + C‖G1‖L2(B2ρ\Bρ)
≤ Cǫ0‖G2‖L2(B2ρ\Bρ) + C‖G1‖L2(B2ρ\Bρ),
where we have used the inequality from Lemma 2.2:
‖B − Il‖L∞(B2ρ\Bρ) ≤ C‖∇u‖L2(B1\Br) ≤ Cǫ0,
and the Hardy inequality:
∥∥∥(Q− q)T
z¯
∥∥∥
L2(B2ρ\Bρ)
≤ C‖∇Q‖L2(B2ρ\Bρ) ≤ C‖∇u‖L2(B1\Br) ≤ Cǫ0.
As shown by [29] Lemma 4.3, it holds
‖G2‖2L2(B2ρ\Bρ) ≤ 2π ln 2|a−1|2 + Cρ2‖G2‖2L2(B1\Br) ≤ 2π ln 2|a−1|2 + Cr,
where we have used the fact that
‖G2‖2L2(B1\Br) ≤ 2
(‖G‖2L2(B1\Br) + ‖G1‖2L2(B1\Br))
≤ C
(
‖∇u‖2L2(B1\Br) +
∥∥τ(u)∥∥2
M1,δ(B1)
)
≤ C.
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Therefore we obtain
|Ima−1| ≤ Cǫ0
(
2π ln 2|a−1|2 + Cr
)1
2 + C‖G1‖L2(B2ρ\Bρ). (2.45)
On the other hand, it was proven by [29] Lemma 4.3 that
∑
n≥0
|an||a−2−n| ≤ Cr‖G2‖2L2(B1\Br).
Since
|〈a−1, a−1〉| ≤ |b−2|+ 2
∑
n≥0
|an|a−2−n|,
it then follows
|〈a−1, a−1〉| ≤ CA0(r) + Cr‖G2‖2L2(B1\Br) ≤ C(A0(r) + r).
Since |a−1|2 = Re〈a−1, a−1〉+ 2|Ima−1|2, we obtain
|a−1|2 ≤ C(A0(r) + r) + Cǫ20
(
2π ln 2|a−1|2 + Cr
)
+ C‖G1‖2L2(B2ρ\Bρ),
and hence
|a−1|2 ≤ C(A0(r) + r) + C‖G1‖2L2(B2ρ\Bρ),
provided ǫ0 > 0 is chosen to be sufficiently small.
It follows from Lemma 2.3 and (2.19) that
‖G1‖2L2(B2ρ\Bρ) ≤ ρ4−2δ
∥∥G1∥∥2M2,2δ−2(B1) ≤ Cρ4−2δ∥∥τ(u)∥∥2M1,δ(B1)
≤ Cr2−δ∥∥τ(u)∥∥2
M1,δ(B1)
≤ CA0(r).
Thus we finally obtain
|a−1|2 ≤ C(A0(r) + r),
which yields (2.35).
The estimate of b−1 above needs to be refined as follows. First, note that
|b−1| ≤ 2
(|a0||a−1|+∑
n≥0
|an||a−1−n|
)
.
Recall that it was proved by [29] Lemma 4.3 that
∑
n≥0
|an||a−1−n| ≤ Cr‖G2‖2L2(B1\Br) ≤ Cr.
Hence
|b−1| ≤ C(|a−1|+ r) ≤ C
(
A0(r)
1
2 + r
1
2
)
.
Thus
|b−1| ≤ Cmin
{A0(r)
r
,A0(r)
1
2 + r
1
2
} ≤ C(A0(r) 12 +A0(r) 13 ).
Putting this estimate into (2.42) yields (2.37).
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It is not hard to check that (2.38) follows from the estimate (2.29) for G2, the estimate (2.19)
for G1, (2.22) and the estimate (2.35) for a−1. While (2.39) follows from (2.27) for G2, (2.25) for
G1, (2.22) and the estimate (2.35) for a−1.
To prove (2.40), we first observe that differentiating (2.14) yields
|∇2u| ≤ C|∇B|(|G1|+ |G2|) +C(|∇G1|+ |∇G2|) + C
l∑
α=1
(|G1|+ |G2|)|∇eα|, in B1 \Br. (2.46)
Note that by (2.1) and Lemma 2.2, we have
∥∥∇B∥∥
L2(B1\Br)
+
l∑
α=1
∥∥∇eα∥∥L2(B1\Br) ≤ C∥∥∇u∥∥L2(B1\Br) ≤ Cǫ0.
Thus by Ho¨lder’s inequality we obtain∫
B
λ−1
\Bλr
|∇2u| ≤ C
(∥∥∇G1∥∥L1(Bλ−1\Bλr) +
∥∥∇G2∥∥L1(Bλ−1\Bλr)
)
+C
(∥∥G1∥∥L2(Bλ−1\Bλr) +
∥∥G2∥∥L2(Bλ−1\Bλr)
)
.
Hence applying the estimates (2.23) for ∇G1 and (2.24) for G1, and the estimates (2.28) ∇G2 and
(2.29) for G2, we obtain (2.40). The proof is now complete. ✷
Theorem 2.8 For an approximate harmonic map u ∈ W 1,2(B1, N) with tension field τ(u) ∈
M1,δ(B1) for some 1 < δ < 2, assume E(u,B1) ≤ mǫ20 for some positive integer m ≥ 1, here ǫ0 is
given by Lemma 2.2. Then there exists Cm > 0 such that for any 0 < r ≤ 1, there is a holomorphic
function h ∈ Cω(B r
4
) such that
∥∥H(u)− h∥∥
L1(B r
4
)
≤ Cm
(
r2−δ
∥∥τ(u)∥∥
M1,δ(Br)
)31−m
. (2.47)
Proof. It follows from [29] Proposition 4.1 with suitable modifications. Here we only sketch it.
By simple scaling argument, it suffices to prove (2.47) for r = 1.
Note that (2.47) trivially holds, if
∥∥τ(u)∥∥
M1,δ(B1)
≥ 1. Thus we may assume
∥∥τ(u)∥∥
M1,δ(B1)
≤ 1, (2.48)
and prove (2.47) by an induction on m. If m = 1, then as in the proof of (2.30), with the domain
B1 \Br replaced by B1, we conclude that there exists h ∈ Cω(B1) such that
∥∥H(u)− h∥∥
L1(B1)
≤ C∥∥τ(u)∥∥
M1,δ(B1)
.
This yields (2.47). For m ≥ 2, assume (2.47) holds for any approximate harmonic map u satisfying
(2.48) and E(u,B1) ≤ (k − 1)ǫ20 for k ≥ 2, we want to prove (2.47) for m = k. For this, we may
further assume
E(u,B 1
4
) > ǫ20. (2.49)
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For, otherwise, v(x) = u(x4 ) : B1 → N is an approximate harmonic map, with tension field
τ(v)(x) = 116τ(u)(
x
4 ), satisfying
E(v,B1) = E(u,B 1
4
) ≤ ǫ20;
∥∥τ(v)∥∥
M1,δ(B1)
≤ 4δ−2∥∥τ(u)∥∥
M1,δ(B 1
4
)
≤ 1.
Hence, from the case m = 1, there exists hˆ ∈ Cω(B1) such that∥∥H(v)− hˆ∥∥
L1(B1)
≤ C∥∥τ(v)∥∥
M1,δ(B1)
≤ C∥∥τ(u)∥∥
M1,δ(B1)
.
By scalings, this implies that (2.47) holds for H(u) and h(x) = 16hˆ(4x) ∈ Cω(B 1
4
), since∥∥H(u)− h∥∥
L1(B 1
4
)
=
∥∥H(v)− hˆ∥∥
L1(B1)
.
Define the energy concentration function of u by
E(r) = sup
Br(x)⊂B1
E(u,Br(x)),
and divide the proof into two cases.
(i) E(18 ) ≤ (k − 1)ǫ20: For any x0 ∈ B 1
2
, consider w(x) = u(x0 +
1
8x) : B1 → N . Then it is easy to
check that w is an approximate harmonic map, with tension field τ(w)(x) = 164τ(u)(
x
8 ), satisfying

E(w,B1) = E(u,B 1
8
(x0)) ≤ E(18 ) ≤ (k − 1)ǫ20;∥∥τ(w)∥∥
M1,δ(B1)
≤ 8δ−2∥∥τ(u)∥∥
M1,δ(B 1
8
(x0))
≤ ∥∥τ(u)∥∥
M1,δ(B1)
≤ 1.
Thus, by the induction hypothesis there exists h˜ ∈ Cω(B 1
4
) such that
∥∥H(w)− h˜∥∥
L1(B 1
4
)
≤ Ck−1
∥∥τ(w)∥∥32−k
M1,δ(B1)
≤ Ck−1
∥∥τ(u)∥∥32−k
M1,δ(B1)
.
By scalings, this implies that for any x0 ∈ B 1
2
, there exists h˜x0(z) = 64h˜(8(z −x0)) ∈ Cω(B 1
32
(x0))
such that ∥∥H(u)− h˜x0∥∥L1(B 1
32
(x0))
≤ Ck−1
∥∥τ(u)∥∥32−k
M1,δ(B1)
.
Now, applying the gluing Lamma 4.4 of [29], we conclude that there exists h ∈ Cω(B 1
4
) such that
∥∥H(u)− h∥∥
L1(B 1
4
)
≤ C( 1/4
1/32
)3
Ck−1
∥∥τ(u)∥∥32−k
M1,δ(B1)
≤ 83CCk−1
∥∥τ(u)∥∥32−k
M1,δ(B1)
.
This proves (2.47) for m = k. Now we proceed with the difficult case.
(ii) E(18) > (k − 1)ǫ20: There exists 0 < r1 < 18 and Br1(x1) ⊂ B1 such that
E(u,Br1(x1)) = E(r1) = (k − 1)ǫ20.
Since E(u,B1) ≤ kǫ20 and E(u,B 1
4
) > ǫ20, this implies that Br1(x1) ∩B 1
4
6= ∅. Hence |x1| ≤ 14 + r1,
and B4r1(x1) ⊂ B1. For any z0 ∈ B3r1(x1), define ŵ(z) = u(z0 + r1z) : B1 → N . Then ŵ is an
approximate harmonic map, with tension field τ(ŵ)(z) = r21τ(u)(z0 + r1z), satisfying
E(ŵ, B1) = E(u,Br1(z0)) ≤ E(r1) = (k − 1)ǫ
2
0,∥∥τ(ŵ)∥∥
M1,δ(B1)
≤ r2−δ1
∥∥τ(u)∥∥
M1,δ(B1)
(≤ 1).
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Now we can repeat the same argument as in the case (i), with w replaced by ŵ, to conclude that
there exists a holomorphic function hx1 ∈ Cω(B2r1(x1)) such that
∥∥H(u)− hx1∥∥L1(B2r1 (x1)) ≤ 83CCk−1
(
r2−δ1
∥∥τ(u)∥∥
M1,δ(B1)
)32−k
. (2.50)
Now we rescale u again. Set ρ = 12 + r1 and r =
r1
ρ
, and define w˜(z) = u(x1 + ρz). Then
τ(w˜)(z) = ρ2τ(u)(x1 + ρz), and
E(w˜, B1 \Br) = E(u,Bρ(x1) \Br1(x1)) ≤ E(u,B1)− E(u,Br1(x1)) ≤ ǫ
2
0,∥∥τ(w˜)∥∥
M1,δ(B1)
≤ ρ2−δ∥∥τ(u)∥∥
M1,δ(B1)
(≤ 1).
Let A˜0(r) be the quantity, associated with w˜ and τ(w˜), given by (2.27). Define h˜(z) = ρ
2hx1(x1 +
ρz) ∈ Cω(B2r). Then by scalings and (2.50) we have
A˜0(r) ≤
∥∥H(ŵ)− h˜∥∥
L1(B2r)
+ r2−δ
∥∥τ(w˜)∥∥
M1,δ(B1)
≤ ∥∥H(u)− hx1∥∥L1(B2r1 (x1)) + r2−δ1
∥∥τ(u)∥∥
M1,δ(B1)
≤ CCk−1
(
r2−δ1
∥∥τ(u)∥∥
M1,δ(B1)
)32−k
. (2.51)
Applying Lemma 2.6 (2.37) to w˜, we conclude that there exists h˜1 ∈ Cω(B1) such that
∥∥H(w˜)− h˜1∥∥L1(B1) ≤ C
[
A˜0(r)| ln r|+ A˜
1
2
0 (r) + A˜
1
3
0 (r) +
∥∥τ(u)∥∥
M1,δ(B1)
]
≤ C
[
CCk−1r
2−δ
3k
1 | ln r|
∥∥τ(u)∥∥32−k
M1,δ(B1)
+ C
∥∥τ(u)∥∥31−k
M1,δ(B1)
]
≤ Ck
∥∥τ(u)∥∥31−k
M1,δ(B1)
, (2.52)
where we have used the fact that 12 ≤ ρ ≤ 1 and 0 < r < 14 , and hence
r
2−δ
3k
1 | ln r| = ρ
2−δ
3k r
2−δ
3k | ln r| ≤ r 2−δ3k | ln r| ≤ C.
Define h1(z) = ρ
−2h˜1(ρ
−1(z − x1)) ∈ Cω(Bρ(x1)). It immediately follows from B 1
4
⊂ Bρ(x1) and
(2.52) that
∥∥H(u)− h1∥∥L1(B 1
4
)
≤ ∥∥H(u)− h1∥∥L1(Bρ(x1)) = ∥∥H(w˜)− h˜1∥∥L1(B1) ≤ Ck∥∥τ(u)∥∥31−kM1,δ(B1).
This completes the proof. ✷
3 Estimates over the neck region and proof of Theorem 1.2
This section is devoted to the proof of the energy identity and the bubble tree convergence results
as stated in Theorem 1.2.
Proof of Theorem 1.2:
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Since M1,δ1(Σ) ⊂ M1,δ2(Σ) for any 0 ≤ δ1 ≤ δ2 < 2, we may, from now on, simply assume
the condition (1.6) holds for some 1 < δ < 2. Let ǫ0 > 0 be given by Lemma 2.3 and define the
concentration set
S =
⋂
r>0
{
x ∈ Σ : lim inf
n
∫
Br(x)
|∇un|2 > ǫ20
}
.
Then it is well-known (cf. e.g., [13]) that there exists m0 ≤ E0ǫ2
0
such that Σ is a finite set of at
most m0 points, here E0 = sup
n
∫
Σ
|∇un|2 dvg. Moreover, it follows from Lemma 2.3 that for any
compact set K ⊂ Σ \ S,
sup
n
([
un
]
C2−δ(K)
+
∥∥un∥∥W 1,q(K)
)
≤ C(q, δ, ǫ0, E0,dist(K,∂(Σ \ S))), (3.2)
holds for all 2 ≤ q < δ
δ−1 . Thus we may assume that
un → u in C2−δloc ∩W 1,qloc (Σ \ S), ∀ q ∈ [1,
δ
δ − 1). (3.3)
It is clear that u is an approximate harmonic map with tension field τ ∈M1,δ(Σ), Applying Lemma
2.3 to u, one concludes that u ∈ C2−δ ∩W 1,q(Σ) for any 1 ≤ q < δ
δ−1 . This proves (i).
Set S = {x1, · · · , xm0} and r(S) = 12 min{|x− y| : x, y ∈ S, x 6= y} > 0. Then for x1 ∈ S, for
some large constant C0 > 1 (to be determined later) there exist 0 < r
1
n ≤ r(S) and x1n ∈ Br(S)(x1)
such that∫
B
r1n
(x1n)
|∇un|2 = E(un, r1n) = max
{∫
B
r1n
(x)
|∇un|2 : Br1n(x) ⊂ Br(S)(x1)
}
=
ǫ20
C0
. (3.4)
It is readily seen that x1n → x1 and r1n → 0. Define the blowing up sequence
v1n(x) = un(x
1
n + r
1
nx) : Ωn ≡ (r1n)−1
(
Br(S)(x1) \ {x1n}
)→ N.
Then v1n is an approximate harmonic map, with tension field τ(v
1
n)(x) = (r
1
n)
2τ(un)(x
1
n+r
1
nx), such
that
(i)
∥∥τ(v1n)∥∥M1,δ(Ωn) ≤ (r1n)2−δ∥∥τ(un)∥∥M1,δ(Σ) → 0, and Ωn → R2.
(ii)
∫
Ωn
|∇v1n|2 ≤
∫
Σ
|∇un|2 ≤ E0.
(iii)
∫
B1(x)
|∇v1n|2 ≤
∫
B1(0)
|∇v1n|2 =
ǫ20
C0
, ∀ x ∈ Ωn. In particular, if we choose C0 sufficiently large,
then it holds ∫
B10(x)∩Ωn
|∇v1n|2 ≤ ǫ20, ∀ x ∈ Ωn.
Applying Lemma 2.3, we conclude that there exists a nontrivial harmonic map ω1 ∈ W 1,2(R2, N)
such that v1n → ω1 in C2−δloc (R2) ∩W 1,qloc (R2) for any 1 < q < δδ−1 . It is well-known [23] that ω1 can
be lifted into a nontrivial harmonic map from S2 to N . Repeating this process up to finitely many
times, similar to [3] and [19], we can find all possible bubbles near S, {ωi} for 1 ≤ i ≤ m, and
sequences of blowing up points and scales {xin} ⊂ Σ and {rin} ⊂ R+ for 1 ≤ i ≤ m such that
vin(·) = un(xin + rin·)→ ωi in C2−δloc (R2) ∩W 1,qloc (R2), ∀ 1 < q <
δ
δ − 1 , (3.5)
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for all 1 ≤ i ≤ m. Moreover, the blowing up points and scales satisfy the relation (1.7).
To prove the energy identity (1.9) or (1.8), it suffices to show that there is no energy concen-
tration in the neck regions, which is either the shrinking annulus An = Br2n(x
2
n) \Br1n(x1n) between
two bubbles with almost same bubbling point but different bubbling scales, or the annulus between
the body region and bubbling region An = Bη(x
1
n) \Br1n(x1n). We proceed the proof by dividing it
into two cases.
(a) The neck region An between two bubbles formed at the same center, but with different blowing
up scales, i.e., An = Br2n(x
2
n) \ Br1n(x1n), with µn =
r2n
r1n
→ ∞ and |x
2
n − x1n|
r1n + r
2
n
= 0. For simplicity,
assume x1n = x
2
n = x1. In this case, we have
E(un, An) =
∫
An
|∇un|2 ≤ ǫ20.
Denote E0 = sup
n
E(un,Σ) and m =
[E0
ǫ0
]
. Set rn = µ
−1
n =
r1n
r2n
→ 0, and define the blowing up
sequence vn(x) = un(x1 + r
2
nx) : B1 → N . Then vn is a sequence of approximate harmonic maps,
with tension fields τ(vn)(x) = (r
2
n)
2τ(un)(x1 + r
2
nx), satisfying
E(vn, B1) ≤ E(un,Σ) ≤ mǫ20; E(vn, B1 \Brn) = E(un, Br2n(x0) \Br1n(x1)) ≤ ǫ20.
Applying Lemma 2.7 (iii), we can estimate that for any λ > 1∥∥∇vn∥∥2L2(Bλ−1\Bλrn ) ≤ C
[
(A0(rn) + rn)| ln(rn)|+ Cλ−2‖∇vn‖2L2(B1\Brn )
+
∥∥τ(vn)∥∥2M1,δ(B1)
]
, (3.6)
where
A0(rn) = inf
h∈Cω(B2rn )
∥∥H(vn)− h‖L1(B2rn ) + r2−δn ∥∥τ(vn)∥∥M1,δ(B1).
Applying Theorem 2.8, we can estimate
inf
h∈Cω(B2rn )
∥∥H(vn)− h‖L1(B2rn ) ≤ Cm
(
r2−δn
∥∥τ(vn)∥∥M1,δ(B1)
)31−m
,
so that
A0(rn) ≤ Cm
(
r2−δn
∥∥τ(vn)∥∥M1,δ(B1)
)31−m
≤
(
r2−δn
∥∥τ(vn)∥∥M1,δ(B1)
)31−m
≤ Cr
2−δ
3m−1
n . (3.7)
Substituting (3.7) into (3.6) and rescaling the resulting inequality, we obtain that for any λ > 1, it
holds∥∥∇un∥∥2L2(B
λ−1r2n
(x1)\Bλr1n
(x1))
≤ C
[
(r
4−2δ
3m−1
n + rn)| ln rn|+Cλ−2‖∇un‖2L2(B
r2n
(x1)\Br1n
(x1))
+r4−2δn
∥∥τ(un)∥∥2M1,δ(Σ))
]
. (3.8)
Since lim
n→∞
(r
2−α
3m+1
n + r
1
2
n )| ln rn| = 0, it is easy to see that
lim
n→∞
∥∥∇un∥∥2L2(B
λ−1r2n
(x1)\Bλr1n
(x1))
≤ Cλ−2, (3.9)
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and hence
lim
λ→∞
lim
n→∞
∥∥∇un∥∥2L2(B
λ−1r2n
(x1)\Bλr1n
(x1))
= 0. (3.10)
(b) The neck region between the body region and a bubbling region An = Bη(x1) \ Br1n(x1) for a
small η > 0 and r1n → 0. In this case, define rn = r
1
n
η
and vn(x) = un(x1 + ηx) : B1 → N . Then vn
is a sequence of approximate harmonic maps satisfying
E(vn, B1) ≤ mǫ20; E(vn, B1 \Brn) ≤ ǫ20.
Then, similar to (i), we can estimate that for any η > 1, there holds
∥∥∇un∥∥2L2(B
λ−1η
(x1)\Bλr1n
(x1))
≤ C
[
(r
4−2δ
3m−1
n + rn)| ln rn|+Cλ−2‖∇un‖2L2(Bη(x1)\Br1n (x1))
+r4−2δn
∥∥τ(un)∥∥2M1,δ(Σ))
]
.
This again shows that
lim
λ→∞
lim
n→∞
∥∥∇un∥∥2L2(B
λ−1η
(x1)\Bλr1n
(x1))
= 0. (3.11)
This establishes (1.9) and (1.8). Hence (ii) is proven.
To prove (iii), first observe that the uniform integrability condition (1.10) implies that
sup
n
∥∥τ(un)∥∥L logL(Σ) <∞.
Thus, as in the cases (a) and (b) above, we can estimate the L2,1-norms of ∇un and L1-norms of
∇2un in the neck regions by Lemma 2.7 (iv) and (v). For simplicity, let’s only consider the first
case, i.e., the neck region An = Br2n(x1) \Br1n(x1) given by (a) above. Then we have
max
{∥∥∇vn∥∥L2,1(B
λ−1
\Bλrn )
,
∥∥∇2vn∥∥L1(B
λ−1
\Bλrn)
}
≤ C
[
(A
1
2
0 (rn) + r
1
2
n )| ln rn|+ (C(λ) + λ−1)‖∇vn‖L2(B1\Brn ) +
∥∥τ(vn)‖L logL(B1)]. (3.12)
This, after scaling back to un, yields
max
{∥∥∇un∥∥L2,1(B
λ−1r2n
(x1)\Bλr1n
(x1))
,
∥∥∇2un∥∥L1(B
λ−1r2n
(x1)\Bλr1n
(x1))
}
(3.13)
≤ C
[
(r
2−α
3m+1
n + r
1
2
n )| ln rn|+ (C(λ) + λ−1)‖∇un‖L2(B
r2n
(x1)\Br1n
(x1)) +
∥∥τ(un)‖L logL(B
r2n
(x1))
]
.
From (1.10) and (2.34), we know that
lim
n→∞
∥∥τ(un)‖L logL(B
r2n
(x1)) = 0, lim
λ→∞
C(λ) = 0.
Thus, after sending n→∞ first and then λ→∞ in (3.13), we obtain
lim
λ→∞
lim
n→∞
max
{∥∥∇un∥∥L2,1(B
λ−1r2n
(x1)\Bλr1n
(x1))
,
∥∥∇2un∥∥L1(B
λ−1r2n
(x1)\Bλr1n
)(x1)
}
= 0. (3.14)
Note that (3.14) also holds in the case (b), i.e., replacing Bλ−1r2n(x1) \ Bλr1n(x1) by Bλ−1η(x1) \
Bλr1n(x1) for any small η > 0.
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It follows from (3.3) that
∇un → ∇u in L2,1loc(Σ \ S). (3.15)
While (3.5) implies that
∇(un(xin + rin·))→ ∇ωi in L2,1loc(R2), i = 1, · · · ,m. (3.16)
It is clear that the L2,1-norm identity (1.11) follows from (3.14), (3.15), and (3.16). It is well-
known that the oscillation convergence (1.12) follows from the vanishing of L2,1-norm of ∇un in
the neck region and the embedding theorem (cf. [27]): if f ∈ C∞0 (R2) satisfies ∇f ∈ L2,1(R2), then
f ∈ L∞(R2) and
‖f‖L∞(R2) ≤ C
∥∥∇f∥∥
L2,1(R2)
.
The proof of Theorem 1.2 is now complete. ✷
Proof of Corollary 1.3: We use the same notations as in the proof of Theorem 1.2. From (3.14),
to prove the W 2,1-identity (1.15) it suffices to show that
∇2un → ∇2u in L1loc(Σ \ S), (3.17)
and
∇2(un(xin + rin·))→ ∇2ωi in L1loc(R2) for i = 1, · · · ,m. (3.18)
For (3.17), observe that by (3.3) we have that for any ball BR(x0) ⊂⊂ Σ \ S,
∇un → ∇u in Lq(BR(x0)), ∀ 2 < q < δ
δ − 1 .
From the approximate harmonic map equation (1.1), we have
−∆(un − u) = (A(un)(∇un,∇un)−A(u)(∇u,∇u)) + (τ(un)− τ), in BR(x0).
Hence, by a result of [25], we can estimate
∥∥∇2(un − u)∥∥L1(BR
2
(x0))
≤ C(R)
[
‖un − u‖L1(BR(x0)) +
∥∥(A(un)(∇un,∇un)−A(u)(∇u,∇u))∥∥L logL(BR(x0))
+
∥∥τ(un)− τ∥∥L logL(BR(x0))
]
≤ C(R)
[∥∥un − u∥∥W 1,q(BR(x0)) + ∥∥τ(un)− τ∥∥L logL(BR(x0))
]
→ 0,
as n→∞, for some q ∈ (2, δ
δ−1
)
. This yields 3.17) by a simple covering argument.
(3.18) can be proven similarly. In fact, for any R > 0, vin(x) = un(x
i
n + r
i
nx) : BR → N is
an approximate harmonic map with tension field τ(vn)(x) = (r
i
n)
2τ(un)(x
i
n + r
i
nx). Moreover, it
follows from (1.10) that
∥∥τ(vin)∥∥L logL(BR) ≤ ∥∥τ(un)∥∥L logL(BRrin (xin)) → 0, as n→∞.
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Thus we can show that for any 1 ≤ i ≤ m, and for some 2 < q < δ
δ−1 ,∥∥∇2(vin − ωi)∥∥L1(BR
2
)
≤ C(R)
[∥∥vin − ωi∥∥W 1,q(BR) + ∥∥τ(vin)∥∥L logL(BR)
]
,
this, combined with (3.5), implies (3.18). The proof is now complete. ✷
Proof of Theorem 1.1. The proof is by a contradiction argument, which is similar to [9] Theorem
2.1. Suppose that there were a sequence of approximate harmonic maps un : Σ→ N , with tension
fields τ(un), satisfying
‖∇un‖L2(Σ) + ‖τ(un)‖M1,δ(Σ) + ‖τ(un)‖L logL(Σ) ≤ Λ <∞, (3.19)
and
‖∇un
∥∥
L2,1(BR(x0))
+ ‖∇2un‖L1(BR(x0)) →∞, as n→∞, (3.20)
for some ball BR(x0) ⊂ Σ.
It follows from the proof of Theorem 1.2 that we can decompose Σ into a union of body region
A = Σ \ Sη (here Sη = {x ∈ Σ : dist(x,S) ≤ η
}
), bubble region B, and neck region N . From proof
of Theorem 1.2, we know that
(i) both ‖∇un‖L2,1(A) and ‖∇2un‖L1(A) are uniformly bounded.
(ii) both ‖∇un‖L2,1(B) and ‖∇2un‖L1(B) are uniformly bounded.
Moreover, it follows from the estimate (3.13) and the bound (3.19) that
(iii) on the neck region N , both L2,1-norms of ∇un and L1-norms of ∇2un are also uniformly
bounded.
It is clear that (i), (ii), and (iii) contradicts (3.20). The proof is complete. ✷
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